Abstract. In this short note we show that every connected oriented cubic graph admits an 8-colouring. This lowers the best known upper bound for the chromatic number of connected oriented cubic graphs.
(1) c(u) = c(v) for all uv ∈ A(G);
(2) if uv, xy ∈ A(G) and c(u) = c(y), then c(v) = c(x).
Such a labeling implicitly defines a homomorphism to an oriented graph H with vertex set {0, 1, . . . , k − 1} where ij ∈ A(H) when there is an arc uv ∈ A(G) such that φ(u) = i and φ(v) = j. Note that condition (2) implies that in an oriented colouring, vertices at the end of a directed path on three vertices (i.e., a 2-dipath) receive distinct colours.
We refer the reader to [4] for a comprehensive survey on homomorphisms and colourings of oriented graphs. For graph theoretic notation and terminology not defined, we refer the reader to [1] .
Let q be a prime power congruent to 3 mod 4. The Paley tournament on q vertices, denoted QR q , is the tournament with vertex set {0, 1, 2, . . . , q − 1}, where uv ∈ A(G) when v − u is a quadratic residue modulo q.
Recall the following results for the colourings and homomorphisms of connected oriented graphs with maximum degree three.
Theorem 1. [2]
If G is a connected properly subcubic oriented graph with no degree 3 source vertex adjacent to a degree 3 sink vertex, then G → QR 7 .
Theorem 2. [2]
If G is an orientation of a connected cubic graph then χ(G) ≤ 9. If G contains a source vertex or a sink vertex, then χ(G) ≤ 8.
The bounds in Theorem 2 are not known to be tight. The best known lower bound for the chromatic number of cubic graphs is 7 [4] : there exists an oriented graph G with seven vertices so that χ(G) = 7. In [2] the authors show that 7 is the largest value for which there is an oriented cubic graph whose chromatic number is equal to its order. That is, for all k > 7 there is no oriented cubic graph G for which χ(G) = |V (G)| = k. Here we show that if G is connected and cubic, then χ(G) ≤ 8, regardless of the presence of sources and sinks. This improves the best known upper bound for the chromatic number of orientations of connected cubic graphs. Proof. Without loss of generality we assume G is connected. We partition the vertices of G based on their out-degree. Let V + be the set of vertices of G with out-degree 2 and V − be the set of vertices in G with in-degree 2. If G[V + ] has a vertex with out-degree 0, then such a vertex has two out-neighbours in V − and so is a vertex with out-degree 2 whose out-neighbours both have in-degree 2. Otherwise, assume every vertex in |V + | has out-degree at least 1 in
Let uv be an arc in
If there is a directed path in G that starts with the arc uv and contains a vertex from V − , then G contains vertex of out-degree 2 that has an out-neighbour of in-degree 2 and an in-neighbour of out-degree 2. And so assume that every directed path in G that contains uv consists only of vertices in V + . As every vertex in
contains at least one directed cycle, C. Note that such a cycle is necessarily induced; the head of a chord in such a cycle would have in-degree 2. Let x be a vertex of this cycle, and consider xx
x is a vertex of out-degree 2 that has an out-neighbour of in-degree 2 and an in-neighbour of out-degree 2. And so assume
Consider a maximal directed walk W in G beginning with xx ′ so that at most a single vertex of G appears twice in W . If W contains a vertex of in-degree 2, then G contains a vertex of out-degree 2 that has an out-neighbour of in-degree 2 and an in-neighbour of out-degree 2. So assume such a walk contains only vertices with out-degree 2. I.e., W is contained in G[V + ]
As each vertex in G[V + ] has positive out-degree, W contains a directed cycle C ′ . We claim C and C ′ contain no common vertices. If y ∈ C and y ∈ C ′ then by construction there is a directed path Q from x to y in G[V + ] that begins with the arc xx ′ . Since x ′ / ∈ C and y ∈ C there is a first vertex y ′ ∈ Q such that the in-neighbour of y ′ is Q but not in C. However y ′ also has an in-neighbour in C. This contradicts that y ′ ∈ V + Therefore C and C ′ contain no common vertices.
As W begins with x and contains a vertex from C ′ , there is a directed path P (which is a subwalk of W ) from x to a vertex in C ′ . The last vertex on this path, i.e., the first one contained in C ′ has both an in-neighbour in P and an in-neighbour in C ′ . Such a vertex is contained in V − . This contradicts that W is wholly contained within G[V + ]. Thus W contains a vertex of in-degree 2 and the proof is complete.
Lemma 5. If G is a connected oriented cubic graph with no source and no sink and U (G) contains a triangle, then χ(G) ≤ 8.
Proof. Let G be a connected oriented cubic graph with no source and no sink so that the vertices u, v, w induce a triangle in U (G) and u ∈ A(G). Without loss of generality, there are two possible orientations: uvw is a directed cycle; or uw, vw ∈ A(G).
By Theorem 1, there is a homomorphism φ : G − uv → QR 7 . If φ(u) = φ(v), then modifying φ to let φ(u) = 7 yields an oriented 8-colouring of G. And so we may assume φ(u) = φ(v). As QR 7 is arc transitive, we assume φ(v) = 0, φ(u) = 1. (Note that if φ(v) = 1 and φ(u) = 0, then φ : G → QR 7 ). Let u ′ = w and v ′ = w so that u ′ and v ′ are respectively neighbours of u and v. If uu ′ ∈ A(G) or φ(u ′ ) = 0, then modifying φ such that φ(u) = 7 yields an oriented 8-colouring of G. And so we may assume u ′ u ∈ A(G) and φ(u ′ ) = 0. Similarly, we may assume vv ′ ∈ A(G) and φ(v ′ ) = 1. Let w ′ = u, v be a neighbour of w.
Case I: uvw is a directed cycle in G. Consider modifying φ in one of three ways:
. Each of these three possibilities allow us to modify φ(w) in two possible ways so that φ(w)φ(u), φ(v)φ(w) ∈ A(QR 7 ):
(1) φ(w) = 1, 5; (2) φ(w) = 0, 1; or (3) φ(w) = 0, 3.
Note now that each vertex of QR 7 has both an in-neighbour and an out-neighbour in the set {0, 1, 3, 5}. As such, regardless of the orientation of the edge ww ′ and the value of φ(w ′ ), we can choose φ(u), φ(v) and φ(w) so that φ : G → QR 7 is a homomorphism. This completes Case I.
Case II: uw, vw, uv ∈ A(G). Since G has no source or sink vertex, ww ′ ∈ V (G). Proceeding as in Case I, we note that φ(u) and φ(v) can be modified so that φ(w
and φ(w) = 7. This yields an oriented 8-colouring of G.
Lemma 6. If G is a connected oriented cubic graph with no source and no sink and U (G) is triangle free, then χ(G) ≤ 8
Proof. By Lemma 4, in G there is an arc from a vertex of out-degree 2 to a vertex of in-degree 2. Let x and u be such vertices so that xu ∈ A(G). Let v be the out-neighbour of u. Let w = x be an in-neighbour of u.
Let z be the in-neighbour of x. Let y = u be an out-neighbour of x. By Lemma 4 we may choose x and u so that z has out-degree 2 or y has in-degree 2. Note that as U (G) is triangle free, z and y are not adjacent. Construct G ′ from G as follows:
• remove x and u;
• add arc yz; and
• add a directed path of length 2 from w to v.
The oriented graph G ′ is properly subcubic. Recall that in G, z has out-degree 2 or y has in-degree 2. If y is a source vertex in G ′ , then y has out-degree 2 in G. Therefore z has out-degree 2 in G and so is not a sink vertex in G ′ . Similarly, if z is a sink vertex in G ′ , then y is not a source vertex in G ′ . As G has no source vertex and no sink vertex, exactly one of the following is true: (1) G ′ has no source or sink vertex of degree 3; (2) G ′ has a sink vertex of degree 3, namely z and no source vertex of degree 3, or (3) G ′ has a source vertex of degree 3, namely y and no sink vertex of degree 3. Therefore in G ′ , there is no degree 3 source vertex adjacent to a degree 3 sink vertex. By Theorem 1, there exists a homomorphism φ : G ′ → QR 7 . As QR 7 is vertex transitive, we may assume φ(v) = 0. By Lemma 3, φ can be extended to include x so that φ(x) = 0. Note that φ(w) = 0 as there is a 2-dipath from w to v and φ(v) = 0. Extend φ by letting φ(u) = 7. Restricting φ to the vertices of G gives an oriented 8-colouring of G. Proof. If G has a source or a sink vertex, then the result follows by Theorem 2. If G has no source and no sink and U (G) contains a triangle, then the result follows by Lemma 5. Otherwise, G has no source and no sink and U (G) contains no triangle. The result then follows by Lemma 6.
Corollary 8. For F 3 , the family of orientations of connected graphs with maximum degree 3, we have 7 ≤ χ(F 3 ) ≤ 8.
In [3] Ochem and Pinlou extend the work of Duffy et al. in [2] and show that all oriented cubic graphs admit an oriented 9-colouring, whether or not U (G) is not connected. It is possible that similar approach can be used to extend the work herein and show that all oriented cubic graphs admit an oriented 8-colouring.
